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The chaos dynamics of a Duffing oscillator. Dimensional analysis is used to re-
duce the number of dimensionless quantities in the Duffing equation. Phase
space plots and Poincarè sections are used to examine the behaviour of the
chaotic system. Bifurcation diagrams are also used to describe and quantify
the chaos in the system. The Duffing oscillator is found to be a chaotic system
that is highly sensitive to initial conditions. The system is also shown to un-
dergo period doubling. Emergence of strange attractors is also evident in the
phase space Poincaré section of the system.

Introduction
A Duffing oscillator is an example of a damped driven oscillator with non-linear restoring force.
Despite its apparent simplicity, the system exhibits the characteristics of a chaotic system: (a) sensi-
tivity to initial conditions; (b) solutions converge to a strange attractor in phase space; (c) trajectories
of state variables evolve in a bounded, random-like manner. A forced Duffing oscillator is described
by the second order differential equation

ẍ+ 2γẋ+αx+βx3 = F cos(ωt) (1)

that consists of a damped harmonic oscillator (ẍ+ 2γẋ+αx), with a non-linear restoring force (βx3)
and a periodic driving force (F cosωt). For analysis of chaos, the system is restricted to a softening
spring (α < 0) and a positive cubic stiffness parameter (β > 0).

The three popular physical interpretations of a Duffing oscillator consist of a spring with a non-
linear restoring force (Hooke’s law violation, e.g viscous damping), particle in a dual potential well
or a laterally forced metal beam between two magnets (Figure 1).

1



FIGURE 1. Applying a periodic lateral force to a metal beam that hangs between two magnets is an example of

a Du�ng oscillator.

Dimensional Analysis
Dimensional analysis presents itself as a useful tool in reducing variables in the equation of the
system to dimensionless parameters.

Choosing dimensionless time and distance units, the substitution

r =
x

x0
τ =

t

t0
(2)

can be made into the Duffing equation. The following substitution can then be made to reduce the
variables

t0 =
1
ω

x0 =
ω√
β

(3)

resulting in the simplified equation

r̈+
2γ
ω
ṙ+

α

ω2 r+ r
3 =

F
√
β

ω3 cos (τ) (4)

Note that the derivatives are now with respect to τ. In order to reduce this equation to dimension-
less variables, we perform the substitution

λ =
2γ
ω

ζ =
α

ω2 ε =
F
√
β

ω3 (5)

which results in the Duffing equation in terms of the dimensionless parameters λ, ζ, ε

r̈+ λṙ+ ζr+ r3 = ε cos(τ) (6)

Solving this system requires initial conditions for r and ṙ. Although the system can be described
in R2 where (x,y) = (x, ẋ) and chaos is not possible in two dimensional systems, the temporal
forcing represented by the term F cos(ωt) defines solutions to the Duffing equation as a vector in
R3, enabling chaotic behaviour.

Stationary Points
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Stationary points are found when both the first derivative and second derivatives of the system are
zero. The damped system will show a tendency to decay to one of these stationary points. These
points can be found by first setting the equation of motion to zero.

ẍ+ 2γẋ+αx+βx3 = 0 (7)

For a stationary point, both the first and second derivatives are required to be zero. Setting ẋ = 0
and ẍ = 0 results in a quadratic.

x(α+βx2) = 0 (8)

Solving this quadratic results in three roots, x = 0 and x = ±
√

−α
β . The stationary points can be

observed in phase space (Figure 5) where the system will decay into one of the stationary points.
With only damping, the unforced oscillator decays into the stationary point at x = 0 (Figure 3).

Phase Space
Once the system has been simplified to dimensionless parameters, the behaviour of these param-
eters can be investigated. Plotting the system in phase space allows for visualisation of chaotic
behaviour. For an unforced system (F = 0) with no damping, and a linear restoring force (ζ = 0),
the system behaves with regular, non-chaotic oscillatory motion (Figure 2). If a small amount of
damping (λ > 0) is added, the phase plot will spiral towards the centre. This corresponds to a de-
crease in velocity as the oscillatory motion continues, with the final position becoming stationary
between the two potentials.

If the restoring force of the oscillator is not linear, the oscillator will have more than one frequency
in its motion. The result is cross-well motion with dips in velocity when the position crosses the
centre (Figure 4). Adding a small damping force in addition to the non-linearity results in the final
position becoming stationary at one of the potential wells (Figure 5).

A driving force can be added to the oscillator, and the behaviour of the forced motion is similar
to the damped oscillator, with the difference that the motion does not become stationary (Figure 6.
The resulting forced Duffing oscillator exhibits sensitivity to initial conditions (Figures 6, 7), and
becomes chaotic. A small change in the initial starting position ((r, ṙ) results in a very different
motion in phase space (Figure 8).

FIGURE 2. The unforced Du�ng oscillator exhibits

non chaotic motion, and simply oscillates

between the two potentials. λ = 0, ζ =
0, ε = 0

FIGURE 3. The unforced Du�ng oscillator with

damping will spiral towards the centre of

the two potentials. λ = 0.07, ζ = 0, ε = 0

FIGURE 4. A non-linear restoring force results in a

dip in velocity as the position crosses the

centre of the two potentials. λ = 0, ζ =
−1, ε = 0
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FIGURE 5. Damping force combined with a non-linear

restoring force results in the motion ter-

minating at one of the potential wells.

λ = 0.07, ζ = −1, ε = 0
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FIGURE 6. The motion of a driven, damped Du�ng

oscillator. λ = 0.07, ζ = −0.32, ε = 1.6
FIGURE 7. When a driving force coexists with a

damping force, the behaviour of motion

becomes sensitive to initial conditions. In

this case, a small shift in r is performed on

Figure 6, which results in a very di�erent

trajectory. λ = 0.07, ζ = −0.32, ε = 1.6

FIGURE 8. For a forced, damped Du�ng oscillator, a small change in the initial position leads to substantially

di�erent trajectories. In this case, a small translation of r is performed, resulting in an inversion of

the trajectory about the vertical axis. λ = 0.07, ζ = 0, ε = 3.9

Sometimes it may be enlightening to view the phase diagram as a three dimensional plot. This
allows the viewing of behaviour in individual time slices and filtering of complex effects due to
initial transient. Figure 9 shows motion that collapses into a limit cycle as time approaches infinity,
despite the complex initial behaviour. Figure 10 another similar system whose motion ends in a
limit cycle as time progresses.
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FIGURE 9. 3D phase diagram, showing motion that

ends in a limit cycle. λ = 0.07, ζ = 0, ε =
3.9

-5

0

5

r@tD

-5

0

5

r'@tD

0

2

4

Log t

FIGURE 10. Another example of motion that ends in a

limit cycle. λ = 0.21, ζ = −0.77, ε = 5.0

Poincaré Sections

A Poincaré section is a plot of the system coordinated in phase space, taken once every period.
When the system is non-chaotic, the system rests in a limit cycle, and the Poincaré is trivial, showing
several points where the trajectory crosses. As the system becomes chaotic, the point structure
becomes vastly more complex (Figure 12). Plotting this over a long period of time, the existence of
strange attractors start to emerge (Figure 13).

Zooming into the Poincaré section shown in Figure 15, it is evident that the section has a fractal
nature (Figure 11). This section in particular looks like the zoomed out plot at 5.4 < r < 6.0.
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FIGURE 11. Poincaré section for λ = 0.04
0.5 , ζ = − 1

1.52 , ε = 8
√

5
0.53 , zoomed into 7.4 < r < 7.8, 0 < ṙ < 20. Zoomed

out: Figure 14.
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The following figures are more examples of chaotic Poincaré sections for chaotic behaviour in the
Duffing oscillator.
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FIGURE 12. Poincaré section for λ = 0.1, ζ =
−0.8, ε = 5.3
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FIGURE 13. Poincaré section for γ = 0.1,α = 1,β =
1, F = 0.35,ω = 1.4
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FIGURE 14. Poincaré section for λ = 0.4, ζ = −1, ε =
0.3
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FIGURE 15. Poincaré section for λ = 0.04
0.5 , ζ =

− 1
1.52 , ε = 8
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FIGURE 16. The Poincaré section with parameters

used by Yoshisuke Ueda when he discov-

ered chaos. γ = 0.05,α = 0,β = 1, F =
7.9,ω = 1

Bifurcation Diagrams
Bifuration diagrams are plots of periodic positions against force. It is similar to a Poincaré section,
but for multiple values of the force parameter. Bifurcation diagrams show the transition of the
system into chaos, by investigating the position in the cycle for different forcing terms. The axes for
a bifurcation diagram are r on the vertical axis and ε on the horizontal. A bifurcation diagram in
its entirety can be very complex (Figure 17), showing many regions of order and chaos. Figure 18
shows the bifurcation diagram for the system shown in the previous zoomed Poincaré plot (Figure
11).
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FIGURE 17. Entire bifurcation diagram for the previous chaotic system. 0 < ε < 15
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FIGURE 18. Bifurcation diagram for Figure 14.

Zooming into the initial transient, the effect of period doubling becomes clear (Figure 19). The
period doubles rapidly between 4.93 < ε < 5.02, resulting in chaos.
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FIGURE 19. The initial transient undergoes period doubling, resulting in chaos. 4.93 < ε < 5.02

Figure 18 shows the effect of the driving force on the system between 4.5 < ε < 5.5. The period
of the limit cycle doubles, before the system goes into chaos near ε = 5.0. Interestingly, the system
also comes out of chaos at certain points. Figure 20 zooms into one of these sections, between
5.24 < ε < 5.20. Zooming in even further (Figure 21), we can see that the system comes out
of chaos via period halving on the left, before quickly doubling again (5.266 < ε < 5.268) and
resulting in chaos.
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FIGURE 20. Zooming into 5.25 < ε < 5.30 of the bifurcation diagram presented in Figure 18.
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FIGURE 21. Zooming in even further, period halving followed by doubling is evident, before resulting in chaos

once more. 5.258 < ε < 5.272

Conclusions
The forced Duffing oscillator is an example of a chaotic system. For some combinations of parame-
ters, the system behaves in a non-chaotic orderly manner, but remains extremely sensitive to initial
conditions. Reducing the complexity of the system through dimensional analysis allows for the
easier analysis of the behaviour of the system, through numerical methods such as Poincaré plots
and bifurcation diagrams.
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